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BEHAVIOR OF THE SU(2)-REIDEMEISTER TORSION FORM BY
MUTATION
JE´ROˆME DUBOIS
Abstract. In this paper, we prove that the Reidemeister torsion twisted by the
adjoint representation, which is considered as a 1-form, on the SU(2)-character variety
of a knot exterior is invariant under mutation along a Conway sphere.
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1. Introduction
If K is a hyperbolic knot in S3, we know that each mutant of K is also hyperbolic
and that their volumes are the same (see [12]). It is well–known that the Alexander
polynomial (i.e. the abelian Reidemeister torsion) is invariant by mutation like most
of the classical or quantum knot invariants. In [13, 14], S. Tillmann have studied the
behavior of the character variety of a knot group by mutation, and proved that generically
the character varieties of a knot group and one of its mutant are birationally equivalent.
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In this paper, we study the behavior of the twisted Reidemeister torsion with coeffi-
cients in the adjoint representation associated to a generic SU(2)-representation, viewed
as a 1-form on the character variety, under a mutation. In fact, we prove that this
kind of twisted Reidemeister torsion, with sign, is invariant by positive mutation. Our
technique is to use a “cut and past argument” which involves Mayer–Vietoris sequences
and Turaev’s refined version of torsion. To be more precise, consider a knot K ⊂ S3, a
positive mutation sphere (F, τ) and the associated mutant knot Kτ (see Section 4 for a
complete definition). We letMK = S
3\N(K) denotes its exterior (here N(K) is an open
tubular neighborhood of K) and GK = π1(MK) its group. We also consider the so-called
regular part of the character variety Reg(K) which is the (open) set of all irreducible
representation ρ which satisfies dimH1ρ(MK) = 1 where H
1
ρ(MK) is the first cohomology
group of MK with coefficients in the Lie algebra su(2)Ad◦ρ. Associated to any regular
representation ρ : GK → SU(2) is the torsion form τKρ which is a 1-form on the character
variety. One can prove that the mutation τ induces a diffeomorphism t between (open)
subsets of the regular parts of the character varieties of mutant knots (see Theorem 17).
Main Theorem. Let K,Kτ , τ, t as above. Suppose that τ is positive, then in a neigh-
borhood of any regular representation ρ : π1(MK)→ SU(2) whose restriction to π1(F ) is
irreducible, one has:
τK = t∗ τK
τ
.
In [8], P. Menal–Ferrer and J. Porti study the behavior by mutation of the Reidemeister
torsion twisted by a representation into SL2(C) especially in the case of hyperbolic knots,
and prove that it is invariant at the discrete and faithful representation corresponding
to the complete structure. In [3], N. Dunfield, S. Friedl and N. Jackson make some
computer computations to calculate the twisted Alexander invariant for some knots and
their mutant. They observe that this invariant is not invariant by mutation. In [7],
P. Kirk and C. Livingston have already observed that some special twisted Alexander
polynomials are not invariant by mutation and which could be used to distinguished
some pairs of mutant knots.
Organization
The paper is organized as follows. Section 2 deals with some reviews on the needed
tools: twisted cohomology, Reidemeister torsion (with sign) and Mayer–Vietoris property
for Reidemeister torsion. In Section 3, we explain in details the construction of the
torsion form, which is a 1-form on the character variety of the knot exterior. In Section 4
we describe the concept of mutation, give a precise definition of the notion of positive
mutation, and explain how to associate to any SU(2)-representation of the group of a
knot K a representation of the group of one of its mutant. Section 5 deals with the
detailed proof of the Main Theorem (Theorem 17): the invariance of the torsion form by
positive mutation. In last Section 6 we discuss some open problems related to mutation
and Reidemeister torsions theory.
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2. Preliminaries
2.1. Twisted cohomology and derivations. In this subsection we review a method
to describe the first twisted cohomology group by using twisted derivations.
Let G be a group of finite type, and consider a representation ρ : G → SU(2). The
composition of a representation ρ : G → SU(2) with the adjoint action Ad of SU(2) on
2
su(2) gives us the following representation, called the adjoint representation associated
to ρ:
Ad ◦ ρ : G→ Aut(su(2)) = SO(3)
γ 7→ (v 7→ ρ(γ)vρ(γ)−1)
A twisted derivation (twisted by Ad◦ρ) is a mapping d : G→ su(2) satisfying the following
cocycle relation:
d(g1g2) = d(g1) +Adρ(g1)d(g2), for all g1, g2 ∈ G.
We let Derρ(G) denote the set of twisted derivation of G. Among twisted derivations,
we distinguish the inner ones. A map δ : G→ su(2) is an inner derivation, if there exists
a ∈ su(2) such that
δ(g) = a− Adρ(g)a, for all g ∈ G.
We let Innρ(G) denote the set of interior derivations of G twisted by ρ. Observe that, if
ρ : G→ SU(2) is irreducible, then Innρ(G) ∼= su(2).
Let W be a finite CW–complex and let G = π1(W ) be its group. The Lie algebra
su(2) endows a structure of a (right) Z[G]–module via the action Ad ◦ ρ. In the sequel,
su(2)ρ denote this structure. Let W˜ be the universal cover of W , it is well–known that
the complex C∗(W˜ ;Z) is also a (left) Z[G]–module by using the action of G = π1(W ) on
W˜ by the covering transformations. The su(2)ρ-twisted cochain complex of W is
C∗(W ; su(2)ρ) = HomZ[G]
(
C∗(W˜ ;Z); su(2)ρ
)
.
This twisted complex C∗(W ; su(2)ρ) computes the (Ad ◦ ρ)-twisted cohomology
H∗ρ (W ) = H
∗ (W ; su(2)ρ) ,
which is a finite dimensional real vector space. It is well–know that (see [6]):
Z1ρ(G)
∼= Derρ(G), B
1
ρ(G)
∼= Innρ(G), H
1
ρ(G)
∼= Derρ(G)/Innρ(G),
and
H0ρ(G) = su(2)
Ad◦ρ(G) =
{
v ∈ su(2) | v = Adρ(g)v, ∀g ∈ G
}
.
For each irreducible representation ρ of G we thus have the short exact sequence
(1) 0 //su(2) //Derρ(G) //H1ρ(G) //0.
Derρ(G)/Innρ(G) ∼= H
1
ρ(G).
If X is a K(G, 1)-space (for example knot exteriors are K(π1, 1)-spaces), then
Derρ(X) = Derρ(G), Innρ(X) = Innρ(G).
2.2. Reidemeister torsion. We review the basic notions and results about the sign–
determined Reidemeister torsion introduced by Turaev which are needed in this paper.
Details can be found in Milnor’s survey [10] and in Turaev’s monograph [16].
Torsion of a chain complex. Let C∗ = (0 //Cn
dn //Cn−1
dn−1 // · · ·
d1 //C0 //0) be a
chain complex of finite dimensional vector spaces over R. Choose a basis ci for Ci and
a basis hi for the i-th homology group Hi = Hi(C∗). The torsion of C∗ with respect to
these choices of bases is defined as follows.
Let bi be a sequence of vectors in Ci such that di(b
i) is a basis of Bi−1 = im(di : Ci →
Ci−1) and let h˜
i denote a lift of hi in Zi = ker(di : Ci → Ci−1). The set of vectors
di+1(b
i+1)h˜ibi is a basis of Ci. Let [di+1(b
i+1)h˜ibi/ci] ∈ C∗ denote the determinant of
the transition matrix between those bases (the entries of this matrix are coordinates of
vectors in di+1(b
i+1)h˜ibi with respect to ci). The sign-determined Reidemeister torsion
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of C∗ (with respect to the bases c
∗ and h∗) is the following alternating product (see [15,
Definition 3.1]):
(2) Tor(C∗, c
∗,h∗) = (−1)|C∗| ·
n∏
i=0
[di+1(b
i+1)h˜ibi/ci](−1)
i+1
∈ R∗.
Here
|C∗| =
∑
k>0
αk(C∗)βk(C∗),
where αi(C∗) =
∑i
k=0 dimCk and βi(C∗) =
∑i
k=0 dimHk.
The torsion Tor(C∗, c
∗,h∗) does not depend on the choices of bi and h˜i. Note that if
C∗ is acyclic (i.e. if Hi = 0 for all i), then |C∗| = 0.
Torsion of a CW-complex. Let W be a finite CW-complex; consider a representation
ρ : π1(W ) → SU(2). We let {e
(i)
1 , . . . , e
(i)
ni } denote the set of i-dimensional cells of W .
Choose a lift e˜
(i)
j of the cell e
(i)
j in the universal cover W˜ of W and choose an arbitrary
order and an arbitrary orientation for them. Thus, for each i, ci = {e˜
(i)
1 , . . . , e˜
(i)
ni } is a
Z[π1(W )]-basis of Ci(W˜ ;Z) and we associate to it the corresponding “dual” basis over R
ci
su(2) =
{
e˜
(i)
1,i, e˜
(i)
1,j, e˜
(i)
1,k, . . . , e˜
(i)
ni,i
, e˜
(i)
ni,j
, e˜
(i)
ni,k
}
of Ci(W ;Ad ◦ ρ) = Homπ1(X)(Ci(W˜ ;Z), su(2)). Here
i =
(
i 0
0 −i
)
, j =
(
0 1
1 0
)
and k =
(
0 i
−i 0
)
.
If hi is a basis of Hiρ(W ) then Tor(C
∗(W ;Ad ◦ ρ), c∗
su(2),h
∗) ∈ R∗ is well-defined.
The cells {e˜
(i)
j }06i6dimW,16j6ni are in one-to-one correspondence with the cells of
W and their order and orientation induce an order and an orientation for the cells
{e
(i)
j }06i6dimW,16j6ni . We thus produce a basis over R for C∗(W ;R) which is denoted
c∗.
Choose a homology orientation of W , i.e. an orientation of the real vector space
H∗(W ;R) =
⊕
i>0Hi(W ;R); let o denote such an orientation. Provide each vector
space Hi(W ;R) with a reference basis h
i such that the basis h∗ = {h0, . . . , hdimW } of
H∗(W ;R) is positively oriented with respect to the cohomology orientation o. Com-
pute the sign-determined Reidemeister torsion Tor(C∗(W ;R), c
∗, h∗) ∈ R∗ of the re-
sulting based and cohomology based chain complex C∗(W ;R) and consider its sign
τ0 = sgn (Tor(C∗(W ;R), c
∗, h∗)) ∈ {±1}. Further observe that τ0 does not depend
on the choice of the positively oriented basis h∗.
The sign-determined Reidemeister torsion of the cohomology oriented CW-complex
W twisted by the representation Ad ◦ ρ is the product
Tor(W ;Ad ◦ ρ,h∗, o) = τ0 · Tor(C
∗(W ;Ad ◦ ρ), c∗
su(2),h
∗) ∈ R∗.
The torsion Tor(W ;Ad ◦ ρ,h∗, o) is the (Ad ◦ ρ)-twisted Reidemeister torsion of W . It
is well-defined. It does not depend on the choice of the lifts e˜
(i)
j nor on the order and
orientation of the cells (because they appear twice). Finally, it just depends on the
conjugacy class of ρ.
One can prove that Tor is invariant under cellular subdivision, homeomorphism class
and simple homotopy type. In fact, it is precisely the sign (−1)|C∗| in (2) which ensures
all these properties of invariance (see Turaev’s monographs [15, 16]).
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2.3. Mayer–Vietoris sequence. In this subsection we briefly review the so-called Ma-
yer-Vietoris formula for Reidemeister torsions which will be used in the proof of the main
results. This formula is based on the multiplicativity property of Reidemeister torsions.
Theorem 1 (Mayer-Vietoris formula). Let W be a finite CW-complex, let W1 and W2
be two closed subcomplexes such that W = W1 ∪ W2 and V = W1 ∩ W2 is not void.
Consider any representation ρ : π1(W )→ SU(2) and let us ρi = ρ|π1(Wi) and ρV = ρ|π1(V )
denote its restrictions respectively to π1(Wi) and π1(V ). If H denotes the Mayer–Vietoris
sequence in twisted cohomology associated to the splitting W = W1 ∪V W2 and to the
representation ρ, then one has the Mayer–Vietoris formula:
Tor(W1;Ad ◦ ρ1) · Tor(W2;Ad ◦ ρ2) = (−1)
ε+αTor(W ;Ad ◦ ρ) · Tor(V ;Ad ◦ ρV ) · tor(H).
Here
α = α(C∗(W ;Ad ◦ ρ), C∗(V ;Ad ◦ ρV ))
and
ε = ε(C∗(W ;Ad ◦ ρ), C∗(W1;Ad ◦ ρ1)⊕ C
∗(W2;Ad ◦ ρ2), C
∗(V ;Ad ◦ ρV )).
Proof. This formula follows from the Multiplicativity Lemma for the torsions (see [16])
applied to the following sequence of complexes:
0 //C∗(W ;Ad ◦ ρV ) //C∗(W1;Ad ◦ ρ1)⊕ C∗(W2;Ad ◦ ρ2) //C∗(V ;Ad ◦ ρ) //0,
which induces the Mayer–Vietoris long exact sequence H. (see [11, Proposition 0.11] for
details). 
3. Review on the construction of the torsion form
In this section, we are interested with knots. So, let K be a knot in S3 and consider
its exterior MK = S
3 \ V (K), where V (K) is an open tubular neighborhood of K. Let
GK = π1(MK) be the fundamental group of MK , we call it the group of K. Observe
that MK is a compact connected three–dimensional manifold whose boundary consists
in a single two–dimensional torus ∂MK = T
2.
It is well–known (see for example [11] or [2]) that, for any representation ρ : GK →
SU(2), the (Ad ◦ ρ)-twisted cohomology never vanishes, actually one can prove using
Poincare´ duality that:
dimRH
1
ρ(MK) > 1.
For an irreducible representation ρ : GK → SU(2), we moreover know that H0ρ(MK) = 0.
As a consequence, using the fact that the Euler characteristic of MK vanishes, one has:
dimRH
1
ρ(MK) = dimRH
2
ρ(MK),
for any irreducible representation ρ : GK → SU(2).
3.1. The notion of regular representation. In this subsection, we review the notion
of regularity for representations of a knot group in SU(2).
Definition 1. A representation ρ : GK → SU(2) is called regular, if dimRH
1
ρ(MK) = 1.
Of course, if a representation ρ : GK → SU(2) is regular, then every conjugate of ρ is
also regular. Thus the notion of regularity is well–defined not only for representations but
for characters. Important properties concerning the set Reg(K) of regular representations
up to conjugation is summarized into the following result:
Theorem 2 (see [5, 2]). The set Reg(K) is a one–dimensional manifold, and if ρ ∈
Reg(K) then the tangent space to the character variety TρX(MK) is isomorphic to
H1ρ(MK).
Moreover, for a regular representation ρ : GK → SU(2), one has dimRH2ρ (MK) = 1.
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3.2. Construction of the torsion form. To construct a Reidemeister torsion, espe-
cially in a non acyclic context, we need to define some distinguished bases for homology
groups. Let us review here Porti’s construction of a distinguished basis for H2ρ(MK)
(see [11, 2]).
To fix the notation, we suppose that S3 is oriented and that we have chosen an
orientation for the knot K. The knot exterior MK inherits an orientation from that
of S3 and its boundary ∂MK is also oriented using the convention “the inward pointing
normal vector in the last position”. AsK is oriented, the peripheral system (µ, λ) inherits
an orientation as follows. First, we orient µ by the rule ℓk(µ,K) = +1, and λ is oriented
using the intersection number defined by the orientation of ∂MK : int(µ, λ) = +1.
Let ρ : GK → SU(2) be an irreducible representation. Observe that ρ(µ) 6= ±1 (be-
cause, in a Wirtinger presentation of GK each generator is conjugate to µ, and as ρ is irre-
ducible ρ(GK) 6⊂ {±1}), as a consequence there exist only one couple (θ, Pρ) ∈ (0, π)×S2
such that
ρ(µ) = cos(θ) + sin(θ)Pρ.
The vector Pρ generates the common axe of the rotations Ad ◦ ρ(π1(∂MK)), and thus Pρ
generates H0ρ(∂MK).
Let us denote by c the generator of H2(∂MK ;Z) = Hom(H2(∂MK ;Z),Z) correspond-
ing to the fundamental class [[∂MK ]] ∈ H2(∂MK ;Z) induced by the orientation of ∂MK .
With such notation, one has (see [11], Proposition 1.3.2):
Lemma 3. The map φ
(∗)
Pρ
: H∗ρ (∂MK) → H
∗(∂MK ;R) defined using the cup–product
coupled with the killing form φ
(∗)
Pρ
(z) = Pρ ⌣ z is an isomorphism.
The construction of the distinguished generator of H2ρ(MK) is based on the following
result (see [11], Corollary 3.23):
Lemma 4. If ρ : GK → SU(2) is regular, then the homomorphism i∗ : H2ρ(MK) →
H2ρ(∂MK) induced by the inclusion i : ∂MK →֒MK is an isomorphism.
Combining these two lemmas, we construct an isomorphism:
φ
(2)
Pρ
◦ i∗ : H2ρ(MK)→ H
2(∂MK ;R),
and the distinguished generator h
(2)
ρ ∈ H2ρ(MK) is given by setting:
h(2)ρ =
(
φ
(2)
Pρ
◦ i∗
)−1
(c).
Remark 1. Observe that the distinguished generator h
(2)
ρ does not depend on the orien-
tation of S3 but depends on the orientation of K.
Now, to fix the ambiguity of the sign in the torsion, and following Turaev’s construction
of refined torsions [16], we need to define an homological orientation. The knot exterior
MK is equipped with a distinguished homology orientation denoted o (see [16]) given by
H0(MK ;R) = R[[pt]], H1(MK ;R) = R[[µ]], Hi(MK ;R) = 0 (i > 2).
Here [[pt]] denotes the class of a point and [[µ]] denotes the class of the meridian µ of K.
Let ρ be a regular representation of GK , in that case TρX(MK) and H
1
ρ(MK) are
isomorphic (see Theorem 2), explicitly the isomorphism ϕρ : TρX(MK) → H1ρ(MK) is
induced by (see [11, Paragraphe 3.1.3]) :
(3) TρR(GK) −→ Z
1
ρ(GK),
dρt
dt
∣∣∣∣
t=0
7−→
{
GK → su(2)
g 7→ d
dt
ρt(g)ρ(g
−1)
∣∣
t=0
with ρ0 = ρ.
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The torsion form is the 1-form defined by:
τKρ : TρX(MK)→ C, τ
K
ρ (vρ) =
{
Tor(MK ; su(2)ρ; {ϕρ(vρ), h
(2)
ρ }; o) if vρ 6= 0
0 if vρ = 0
In this way, we have defined a volume form τK on the one–dimensional manifold Reg(K).
Here is some remarks concerning the definition of the volume form τK .
Remark 2. For a regular representation ρ : GK → SU(2), there exists a unique Pρ ∈ S
2
and a unique P¯ρ ∈ S2 such that:
ρ(µ) = cos(θ) + sin(θ)Pρ and ρ(µ) = cos(2π − θ) + sin(2π − θ)P¯ρ
with θ ∈ (0, π). Changing Pρ into P¯ρ in the construction has for consequence to change
the volume form τKρ into −τ
K
ρ .
Remark 3. The 1-form τK does not depend on the orientation of K.
Remark 4. In general Reg(K) is not compact, the problem of integration on the character
variety and with respect to the torsion form τK is not easy. It has been considered
recently in [4].
4. Mutation and mutant representations
4.1. Review on mutation of knots. Let K ⊂ S3 be a knot. We let F be a 4-
punctured 2-sphere which is incompressible inMK and whose closure in S
3 is a embedded
sphere cutting K transversally into four points. Such a surface is called a mutation
sphere. We adopt the following notation. The 3-sphere splits along S2 into two 3-balls
: S3 = B1 ∪S2 B2. Let Mi = Bi ∩MK and write Ki = Bi ∩K for i = 1, 2. We have
K = K1 ∪K2 and MK = M1 ∪id M2 where id: F → F is the identity map. Note that
each Ki consists of two arcs.
The surface F admits some orientation preserved involutions, we consider the three
π-angle rotations of S2 that leave the four points K ∩ S2 invariant. Let τ be such a
rotation (see Fig. 1). The mutant knot Kτ is the knot K1 ∪τ K2 obtained by cutting
K along F ∩K and gluing again after the application of τ . On Fig. 2 one can find the
example of the Kinoshita-Terasaka knot KKT and its mutant the Conway knot KC .
The following diagram of natural inclusions is commutative:
M1 j1
**❚❚❚
❚❚
❚
F
i1 55❦❦❦❦❦❦
i2
))❙❙❙
❙❙
❙ MK
M2 j2
44❥❥❥❥❥❥
and the fundamental group of F , which is a free group of rank 3, admits the following
presentation:
π1(F ) = 〈a, b, c, d | abcd = 1〉 ≃ F3.
Given a mutation sphere (F, τ), there is a fixed point of the rotation τ . In what
follows, we chose this fixed point as the base point of the fundamental groups: π1(F ),
π1(M1), π1(M2) and GK = π1(MK). Thus, using the Seifert–Van Kampen Theorem, we
get a decomposition for the group of K:
GK ≃ π1(M1)∗π1(F )π1(M2).
Of course we get a similar decomposition for the group of the mutant knot Kτ :
GKτ ≃ π1(M1)∗τ∗(π1(F ))π1(M2).
In particular, one can think of the representation space R(GK ; SU(2)) as a subspace in
R(M1; SU(2)) × R(M2; SU(2)) and the inclusion is simply given by the restrictions to
π1(M1) and π1(M2) (see [13]).
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ba d = (abc)−1
c
F
τ
Figure 1. The punctured sphere F and the rotations τ .
4.2. Positive and negative mutations. Fix an orientation of the knot K. The orien-
tation of K induces an orientation for its two parts Ki = Bi ∩K (i = 1, 2). Moreover,
the orientation of K induces an orientation for its mutant Kτ = K1 ∪τ K2 defined using
the orientation of the unchanged part K2 of the knot. Each meridian µ of K is oriented
by the rule: ℓk(µ,K) = +1. All the curves a˜, b˜, c˜, d˜ respectively corresponding to the
generators a, b, c, d of π1(F ) are oriented using the same rule: ℓk(γ,K) = +1 where
γ ∈ {a˜, b˜, c˜, d˜}. Moreover observe that necessarily the curves a˜, b˜, c˜, d˜ are coupled in two
pairs where the curves in the same pair belongs to the same component of Ki (i = 1, 2).
We assign to each curve a˜, b˜, c˜, d˜ in F a sign ± as follows. Let γ ∈ {a˜, b˜, c˜, d˜}, when
passing through γ along the oriented knot K if we go from M1 to M2, then we assign +
to the curve γ, if not we assign −. Of course this convention depends on the orientation
of the knot, if we reversed the orientation of K, then all signs change. Moreover, two of
the four curves are assign with + and the two other with −. Observe that if we consider a
pair of curves which lie on the same component of Ki, then necessarily one is assign with
+ and the other with −. A mutation τ sends the set of sign–oriented curves {a˜, b˜, c˜, d˜}
to itself (but the sign of the curves could be changed in the mutation). We say that the
mutation τ is positive if τ preserves signs, which means that for all γ ∈ {a˜, b˜, c˜, d˜}, the
curves γ and τ(γ) in F are assigned with the same sign. If not, we say that the mutation
is negative.
Observe that there exist only one positive mutation among the three possible ones and
that this notion does not depend on the orientation of K. We say that Kτ is a positive
mutant (resp. negative mutant) of K, if the mutation τ is positive (resp. negative). As
an example, the Conway knot KC is a positive mutant of the Kinoshita–Terasaka knot
KKT (see Fig. 2).
In what follows, we choose a common meridian for K and Kτ . The meridian µ of K
is chosen to be a circle ∂D2 × {pt} in ∂M2 = F ∪ ∂D2 × I ∪ ∂D2 × I. The meridian of
Kτ is chosen as same as K, and denoted by µτ . Moreover we endow MK (resp. MKτ )
with the usual homological orientations defined by the meridian µ (resp. µτ ).
4.3. Some homology computations. The aim of this paragraph is to give some ob-
servations on the (twisted and non–twisted) homology groups of the mutation sphere F
and on the manifolds Mi (i = 1, 2).
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FM2 M1
KKT KC
Figure 2. The Kinoshita-Terasaka knot KKT and its mutant the Con-
way knot KC .
Proposition 5. The homology groups with real coefficients of the punctured 2-sphere F
are described as follows:
Hj(F ;R) ≃

R if j = 0,
R3 if j = 1,
0 otherwise.
Proof. The mutation sphere F is a 4-punctured 2-sphere, thus F is homotopic to a
bouquet of three circles, hence the homology groups H∗(F ;R) are the homology groups
of a bouquet. 
Remark 5. More precisely, one can observe that (see Fig. 1 for notation):
H1(F ;R) ≃ Ra⊕ Rb⊕ Rc⊕ Rd/(a+ b + c+ d = 0).
Proposition 6. The homology groups with real coefficients of the manifold Mi (i = 1, 2)
are described as follows:
Hj(Mi;R) ≃

R j = 0,
R2 j = 1,
0 otherwise.
Proof. It follows from the Mayer–Vietoris sequence for the decomposition of 3-ball B3i =
Mi ∪ (D2 × I ∪D2 × I). 
Remark 6. The knot K is cut as four arcs and each 3-ball Bi contains two arcs denoted
by Ki. We can choose a pair of meridians for two arcs in Bi as a basis of H1(Mi;R) and
denote by ξi and ηi the homology classes.
The Mayer–Vietoris sequence VR with real coefficients associated to the splittingMK =
M1 ∪id M2 is:
0 // H1(F ;R)
(i1
∗
,i2
∗
) // H1(M1;R)⊕H1(M2;R)
j1
∗
−j2
∗ // H1(MK ;R)
δ // H0(F ;R) // H0(M1;R)⊕H0(M2;R) // H0(MK ;R) // 0.
By counting dimensions, the connecting homomorphism δ is zero. The first homology
group H1(MK ;R) is generated by the meridian µ. Moreover, one has the following
properties on the connecting maps into VR.
Lemma 7. Let ξi and ηi denote meridians of Ki such that they give a basis of H1(Mi;R)
for i = 1, 2. In the Mayer–Vietoris sequence VR, the homomorphims j1∗ and j
2
∗ satisfy
the following identities:
j1∗(ξ1) = j
1
∗(η1) = j
2
∗(ξ2) = j
2
∗(η2) = [[µ]] in H1(MK ;R),
9
where µ denotes an oriented meridian of K.
Proof of the Lemma. The boundary ofMi consists of a four punctured sphere F and two
annuli. An annulus in M1 is connected with two annuli in M2 in MK , thus joining these
four annuli alternately, we obtain the boundary torus of MK . When an annulus in ∂M1
has the boundary a ∪ (−b) on F and contains the meridian ξ1, the map (i1∗, i
2
∗) sends a
and b to (ξ1, ξ2) and (ξ1, η2). Such elements are contained in the kernel j
1
∗ − j
2
∗ . Hence
we have j1∗(ξ1) = j
2
∗(ξ2) = j
2
∗(η2) = j
1
∗(η1). It follows from the surjectivity of j
1
∗ − j
2
∗ that
all ξi and ηi are send to the meridian µ. 
Remark 7. For a positive mutation τ , Lemma 7 also holds for the Mayer-Vietoris sequence
associated to the splitting MKτ = M1 ∪τ M2. For a negative mutation τ , it holds that
jk∗ (ξk) = j
k
∗ (ηk) for each k = 1, 2. But j
1
∗(ξ1) has a different sign than the one of j
2
∗(ξ2).
4.4. Mutant representation. For any representation ρ : GK → SU(2), its restriction
ρF : π1(F ) → SU(2) to π1(F ) is such that χρF (a) = χρF (b) = χρF (c) = χρF (d) (see
Fig. 1). We say that ρ is F -irreducible if its restriction ρF is irreducible.
The following result computes the twisted homology groups of F and Mi.
Lemma 8. If ρ : GK → SU(2) is an F -irreducible representation of GK , then we have:
dimCH
j
ρF
(F ) =
{
6 if j = 1,
0 otherwise
and
dimCH
1
ρi
(Mi) > 3.
Proof.
(1) The punctured sphere F has the same homotopy type as a bouquet of 3 circles,
thus it has the same homotopy type as a 1-dimensional CW-complex and its
Euler characteristic is −2. Hence using the irreducibility of ρF , we conclude that
all its twisted homology groups vanish except in degree 1 for which:
dimCH
1
ρF
(F ) = −χ(F ) · dimC su(2) = 6.
(2) The boundary of the three–dimensional manifold Mi, i = 1, 2, is a surface of
genus two, thus χ(Mi) = −1. Moreover, as the representation ϕ = (ρi)|π1(F )
is irreducible, we observe that ρi : π1(Mi) → SU(2) are also irreducible for
i = 1, 2. The long exact sequence in twisted cohomology with coefficients in
Ad ◦ ρi associated to the pair (Mi, ∂Mi) reduces to:
0 // H1ρi(Mi, ∂Mi)
// H1ρi(Mi)
i∗ // H1ρi(∂Mi)
H1ρi(Mi)
// H2ρi(Mi, ∂Mi)
// H2ρi(∂Mi)
// 0.
Observe that dimH1ρi(Mi) = 3 + dimH
2
ρi
(Mi) and using Poincare´ duality, we
obtain rk i∗ = 3, which implies that dimH1ρi(Mi) > 3.

Moreover, for restrictions to π1(F ) of F -irreducible representations we have the fol-
lowing lemma (see [12, Theorem 2.2] and [13, Lemma 2.1.1]).
Lemma 9. If ψ : π1(F ) → SU(2) is an irreducible representation such that χψ(a) =
χψ(b) = χψ(c) = χψ(d), then there is an element x ∈ SU(2) such that:
(4) ψ ◦ τ∗ = Adx ◦ ψ.
Remark 8. The element x in Equation (4) is not unique in general. Actually, by Schur’s
lemma, x is defined up to sign.
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The rest of this section consists in the construction of the so–called mutant represen-
tation associated to a representation of GK . It is an SU(2)-representation of GKτ corre-
sponding to a representation of GK obtained by twisting its restrictions to R(M1; SU(2))
and R(M2; SU(2)), using the pull–back of τ∗. Note that the pull–back of τ∗ is defined
only on R(F ; SU(2)). However, Lemma 9 says that the pull–back of τ∗ is expressed as
the adjoint action, so we can use this adjoint action as the twisting on R(M1; SU(2))
instead of the pull–back of τ∗.
Let ρ : GK → SU(2) be an F -irreducible representation. The mutant representation
ρτ : GKτ → SU(2) associated to x as in Equation (4) is defined by (see [13, Section 2.2]):
ρτ1 = ρ
τ
|π1(M1)
= Adx−1 ◦ ρ1, ρ
τ
2 = ρ2,
where ρ1 = ρ|π1(M1) and ρ2 = ρ|π1(M2). One can observe that this definition is consistent
because both parts agree on the amalgamating subgroup. In that way, we have thus
defined a map t : ρ 7→ ρτ which only depends upon the inner automorphism defined by
x.
It is easy to see that ρ : GK → SU(2) is an irreducible representation if and only if
ρτ : GKτ → SU(2) is as well (see for example [12] or [13]).
Remark 9. Let ρ : GK → SU(2) be an F -irreducible representation. It is easy to observe
that the restrictions ρF = ρ|π1(F ) and ρ
τ
F = ρ
τ
|π1(F )
of respectively ρ and ρτ to π1(F )
coincide.
Following ideas developed by D. Cooper and D. Long [1], S. Tillmann proved [13]
that the geometric components of the character varieties of GK and GKτ are birationally
equivalent. Here we adapt their arguments to the situation of SU(2)-representation
spaces.
Theorem 10 ([1] Theorem 7.3 and [13] Proposition 2.2.2). Let K be a knot in S3 and
consider a mutation sphere (F, τ). If C denotes an irreducible component of the character
variety X(MK) which contains at least one character of an F -irreducible representation,
then C is birationnaly equivalent to an irreducible component of X(MKτ ).
Let us review the main arguments of the proof.
Ideas of the proof. First observe that there is a one-one correspondence of characters
of F -irreducible representations in X(MK) and X(MKτ ). We have to prove that the
map t : ρ 7→ ρτ is well defined for conjugate classes of F -irreducible representations. So
let ρ = (ρ1, ρ2) and ̺ = (̺1, ̺2) be two conjugate SU(2)-representations of π1(MK) ∼=
π1(M1) ⋆π1(F ) π1(M2). There exist z ∈ SU(2) such that ̺ = Adz ◦ ρ. By construction of
the associated mutant representations we have:
ρτ1 = Adx−1 ◦ ρ1 and ̺
τ
1 = Ady−1 ◦ ̺1
for some x, y ∈ SU(2). Using the same linear algebra computation as in [13, Lemma
2.2.1] one has:
Adz−1y−1 ◦ ̺|π1(F ) = ρ|π1(F ) = Adx−1z−1 ◦ ̺|π1(F ).
Since the restrictions of ρ, ̺ to π1(F ) are irreducible, we conclude that zx = ±yz. As
a result ρτ1 and ̺
τ
1 are conjugate by z. Hence ̺
τ = Adz ◦ ρτ and t is well defined on
F -irreducible characters. Moreover, we can construct an inverse to that map because
(Kτ )
τ
= K.
Let us denote XF (MK) (resp. XF (MKτ )) be the set of all conjugate classes of irre-
ducible representations of π1(MK) (resp. π1(MKτ )) whose restriction to π1(F ) is also
irreducible. We have thus an isomorphism t between XF (MK) and XF (MKτ ).
The birationnality of t comes from the same arguments used in [13, § 2.2]. 
We close this paragraph on the mutant representation by a remark.
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Remark 10 (A digression on SL2(C)-character variety and hyperbolic knots). If K is a
hyperbolic knot, then there is a discrete and faithful representation of GK into PSL2(C)
which lifts to a representation ρ0 : GK → SL2(C). Such a representation is irreducible.
D. Ruberman proved [12] the following result about the discrete and faithful representa-
tion (see also [14, Corollaries 3 and 4]).
Proposition 11. Let K be a hyperbolic knot and consider a mutation sphere (F, τ). Then
the mutant knot Kτ is hyperbolic (with the same volume as K), and the discrete and
faithful representation ρ0 : GK → SL2(C) is F -irreducible, moreover the corresponding
mutant representation ρτ0 : GKτ → SL2(C) is the discrete and faithful representation of
the hyperbolic structure of Kτ .
Sketch of the proof. The part on hyperbolicity and volume is [12, Corollary 1.4].
Let ψ0 be the restriction of ρ0 to π1(F ). One can observe that as a restriction, ψ0 is
discrete and faithful, so it is in particular irreducible thus ρ0 is F -irreducible.

4.5. Regularity property of mutant representations. In the previous subsection,
we construct a map t : X(MK) → X(MKτ ) which is an isomorphism from XF (MK)
into XF (MKτ ). Here we are interested in the corresponding tangent map at an F -
irreducible representation ρ : GK → SU(2). Recall that for a regular representation
one has TρX(MK) ∼= H1ρ(MK). To understand the tangent map corresponding to
t : X(MK)→ X(MKτ ) at a regular and F -irreducible representation ρ we interpret it at
the level of (Ad ◦ ρ)-twisted cohomology group and explicitly construct an isomorphism
(5) τ ♯ : H1ρ(MK)→ H
1
ρτ (MKτ ).
Again, ρi = ρ|π1(Mi), i = 1, 2, and ρF = ρ|π1(F ) denotes the restrictions of ρ.
Notation. In the sequel, we use the following notation:
xρ = Adx ◦ ρ, for x ∈ SU(2) and ρ a representation.
Let ρ be any representation of GK . The construction of the isomorphism of Equa-
tion (5) is based on the following technical result.
Lemma 12. If z ∈ DerρF (F ), then z ◦ τ∗ ∈ DerxρF (F ) is such that:
(6) z ◦ τ∗ =
xz + δ
with some δ ∈ InnxρF (F ), where
xz = Adx ◦ z.
Proof. The proof of Equation (6) essentially consists in writing down the derivative of
the equality ρF ◦ τ∗ = xρF = Adx ◦ ρF (see Lemma 9).
It is easy to observe that z ◦ τ∗ ∈ DerxρF (F ). Let ϕt : π1(F ) → SU(2) be a germ at
origin such that ϕ0 = ρF and satisfying, for all g ∈ π1(F ), the following identity:
z(g) =
d
dt
ϕt(g)ρF (g)
−1
∣∣∣∣
t=0
.
For all t in a neighborhood of 0, there exit xt ∈ SU(2) such that ϕt◦τ∗ = xtϕt = Adxt ◦ϕt.
Set X = dxt
dt
∣∣
t=0
and take the derivative of the preceding equality with respect to t, one
has, for all g ∈ π1(F ),
dϕt(τ∗(g))
dt
∣∣∣∣
t=0
= XρF (g)x
−1 + a
dϕt(g)
dt
∣∣∣∣
t=0
x−1 − xρF (g)x
−1Xx−1.
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Moreover, ρF (τ∗(g)) = xρF (g)x
−1, thus
dϕt(τ∗(g))
dt
∣∣∣∣
t=0
ρF (τ∗(g))
−1
= Xx−1 − xρF (g)x
−1(Xx−1)xρF (g)x
−1
+ x
dϕt(g)
dt
∣∣∣∣
t=0
ρF (g)
−1
x−1.
Finally, for all g ∈ π1(F ),
z ◦ τ∗(g) =
xz(g) + (1 −AdxρF (g))Xx
−1,
with Xx−1 ∈ su(2), 
From this technical lemma, we deduce:
Corollary 13. If h ∈ H1ρF (F ), then h ◦ τ∗ ∈ H
1
xρF
(F ) and h ◦ τ∗ = xh = Adx ◦ h.
Observe that the twisted cohomology groupsH1ρ1(M1) andH
1
x−1ρ1
(M1) are isomorphic.
Moreover, the isomorphism is induced by φx : z 7→ Adx−1z and will be denoted φ¯x in the
sequel. Using Corollary 13 it is easy to deduce the following result.
Claim 14. Let iℓ : F →֒Mℓ, ℓ = 1, 2, be the usual inclusions. The following diagram is
commutative:
(7) H1ρ1(M1)⊕H
1
ρ2
(M2)
φ¯x⊕Id ∼=

i∗1+i
∗
2 // H1ρF (F )
H1
x−1ρ1
(M1)⊕H1ρ2(M2)
τ∗i∗1+i
∗
2
66♠♠♠♠♠♠♠♠♠♠♠♠♠
Let jℓ : Mℓ →֒ MK and j′ℓ : Mℓ →֒ MKτ , ℓ = 1, 2, be the usual inclusions. Write
down the Mayer-Vietoris sequences in cohomology respectively associated to the split-
tings MK = M1 ∪Id M2 and MKτ = M1 ∪τ M2 and twisted by ρ and ρτ . We obtain:
(8) 0 //H1ρ(MK)
j∗1⊕−j
∗
2 //H1ρ1(M1)⊕H
1
ρ2
(M2)
i∗1+i
∗
2 //H1ρF (F )
// · · ·
and
(9) 0 //H1ρτ (MKτ )
j′1
∗⊕−j′2
∗
//H1ρτ1 (M1)⊕H
1
ρτ2
(M2)
τ∗i∗1+i
∗
2 //H1ρτ
F
(F ) // · · ·
where ρτ1 =
x−1ρ1, ρ
τ
2 = ρ2 and ρ
τ
F = ρF .
Combine these two exact sequences by using Diagram (7), one has the following com-
mutative diagram:
0 // H1ρ(MK) // H
1
ρ1
(M1)⊕H1ρ2(M2)
//
φ¯x⊕Id ∼=
H1ρF (F )
//
=

H2ρ(MK) // · · ·
0 // H1ρτ (MKτ ) // H
1
ρτ1
(M1)⊕H1ρτ2 (M2)
// H1ρF (F )
// H2ρτ (MKτ ) // · · ·
Thus we can restrict the isomorphism
φ¯x ⊕ Id: H
1
ρ1
(M1)⊕H
1
ρ2
(M2)→ H
1
ρτ1
(M1)⊕H
1
ρτ2
(M2)
to an isomorphism
(10) τ ♯ : H1ρ(MK)→ H
1
ρτ (MKτ ).
An immediate consequence is the following:
Theorem 15. A representation ρ : GK → SU(2) is regular if, and only if, its mutant
representation ρτ : GKτ → SU(2) is also regular.
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To compare the torsion form of K and the one of one of its mutant Kτ we make the
following technical hypothesis:
Hypothesis. Fix a (positive) mutation (F, τ) and suppose that ρ : GK → SU(2) is
regular and F -irreducible, which means that:
(1) ρ is regular (i.e. ρ is irreducible and dimH1ρ(MK) = 1);
(2) and the restriction ρF of ρ to π1(F ) is irreducible.
Here is some other formulations of the preceding hypothesis.
Claim 16. Let ρ : GK → SU(2) be a regular representation. If ρ is F -irreducible then
H2ρi(Mi) = 0, for i = 1, 2.
Proof. Consider a regular representation ρ : GK → SU(2) which is also F -irreducible.
One has H0ρF (F ) = H
2
ρF
(F ) = 0 (see Lemma 8) and write down the Mayer-Vietoris
sequence associated to the splitting MK = M1 ∪Id M2:
(11)
· · · //H1ρ1(M1)⊕H
1
ρ2
(M2) //H1ρF (F )
δ //H2ρ(MK) //H
2
ρ1
(M1)⊕H2ρ2(M2)
//0.
We prove that the connecting homomorphism δ : H1ρF (F )→ H
2
ρ(MK) is onto as follows.
One can view this homomorphism as the composition of the three following homomor-
phisms:
• H1ρF (F )→ H
1
ρF
(∂F ) induced by the the usual inclusion ∂F →֒ F ,
• H1ρF (∂F ) → H
2
ρ(∂MK) which is the restriction to the boundary of the con-
necting homomorphism δ : H1ρF (F )→ H
2
ρ(MK) appearing in the Mayer-Vietoris
sequence,
• H2ρ(∂MK)→ H
2
ρ(MK) is the inverse of the isomorphism H
2
ρ(MK)→ H
2
ρ(∂MK)
(as ρ is regular) induced by the usual inclusion ∂MK →֒MK .
All of these three homomorphisms are onto and thus δ : H1ρF (F )→ H
2
ρ(MK) is also onto.
From the Mayer-Vietoris sequence in Equation (11), we conclude that H2ρi(Mi) = 0, for
i = 1, 2. 
Remark 11. It is easy to prove, using the proof of Lemma 8, that for a regular and
F -irreducible representation ρ : GK → SU(2), one has:
(1) dimH1ρi(Mi) = 3, for i = 1, 2,
(2) the homomorphism H1ρi(Mi, ∂Mi)→ H
1
ρi
(Mi) is 0, for i = 1, 2.
Remark 12. If ρ : GK → SU(2) is regular and F -irreducible, then, all its restrictions
ρF = ρ|π1(F ) and ρi = ρ|π1(Mi) (i = 1, 2) are irreducible.
5. Behavior of the torsion form by positive mutation
In this section, we prove the Main Theorem which asserts that the torsion form is
invariant by positive mutation using the notation introduced in the previous section.
Theorem 17. If ρ : GK → SU(2) is a regular and F -irreducible representation, then
τK
τ
ρτ ◦ τ
♯ = τKρ .
Here ρτ : GKτ → SU(2) denotes the mutant representation associated to the represen-
tation ρ : GK → SU(2) and τ ♯ : H1ρ(MK) → H
1
ρτ (MKτ ) is the isomorphism of Equa-
tion (10).
The rest of this section is devoted to the proof of Theorem 17. The proof is divided
into two parts: in the first one we are interested in the “twisted part” of the torsion, and
in the second one in its “sign part”.
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We compute the torsions in the geometric bases described as follows. Fix a presenta-
tion of the group GK :
ΓK = 〈x1, . . . , xn | r1, . . . , rn−1〉.
It is known, using a result due to Waldhausen [17], that MK has the same simple ho-
motopy type as the two-dimensional CW-complex WK constructed as follows. The 0-
skeleton of WK consists in a single 0-cell, its 1-skeleton is a wedge of n oriented circles
corresponding to the generators x1, . . . , xn and the 2-skeleton consists in (n− 1) 2-cells
D1, . . . , Dn−1 where the attaching maps are given by the relations r1, . . . , rn−1. Let us
write
TKρ (v) = Tor(C∗(WK ;Ad ◦ ρ); {ϕρ(v), h
(2)
ρ }) = Tor(C∗(MK ;Ad ◦ ρ); {ϕρ(v), h
(2)
ρ }),
and
εK = sgn(Tor(C∗(WK ;R); o)) = sgn(Tor(C∗(MK ;R); o)).
One has
τKρ (v) = ε
K · TKρ (v).
5.1. Computation of the twisted part of the torsion. Here we compute the twisted
part of the torsions of MK and MKτ using the Mayer–Vietoris formula respectively
associated to the splittings MK = M1 ∪id M2 and MKτ = M1 ∪τ M2.
Remark 13. In the case of a positive mutation, using Lemma 7, observe that the meridian
of K and the one of Kτ can be defined by the same loop in M2 (more precisely in the
boundary of the mutation sphere). As a consequence, we can choose the same (Ad ◦ ρ)-
invariant vector Pρ ∈ H0ρ(T
2) for both K and its positive mutant Kτ . In the sequel, we
will do that.
Proof of Theorem 17, “twisted part”. Let v ∈ H1ρ(MK) be a non zero vector. The Mayer-
Vietoris sequence for twisted cohomology associated to the splitting MK = M1 ∪IdM2 is
the following exact sequence denoted H∗:
(12)
H∗ : 0 //H1ρ(MK)
f //H1ρ1(M1)⊕H
1
ρ2
(M2)
i∗1+i
∗
2 //H1ρF (F )
∂ //H2ρ(MK) //0.
Applying the Mayer-Vietoris formula for the torsions gives us:
(13)
TKρ (v) · Tor(F ;AdρF ,hF ) · Tor(H
∗) = (−1)nTor(M1;Adρ1,hM1) · Tor(M2;Adρ2,hM2),
where hMi is a basis of H
1
ρi
(Mi), i = 1, 2, and hF is a basis of H
1
ϕ(F ).
On the other hand, the Mayer-Vietoris sequence for twisted cohomology associated to
the splitting MKτ =M1 ∪τ M2 is the exact sequence denoted H∗τ :
(14)
H∗τ : 0 //H
1
ρτ (MKτ )
fτ //H1ρτ1 (M1)⊕H
1
ρτ2
(M2)
τ∗i∗1+i
∗
2//H1ρF (F )
∂τ //H2ρτ (MKτ ) //0.
Here, observe that ρτ1 =
x−1ρ1 et ρ
τ
2 = ρ2. Another application of the Mayer-Vietoris
formula for the torsions gives:
(15)
TK
τ
ρτ (τ
♯(v))·Tor(F ;AdρF , h¯F )·Tor(H
∗
τ ) = (−1)
nTor(M1;Adρ
τ
1 , h¯M1)·Tor(M2;Adρ2, h¯M2),
where h¯Mi is a basis of H
1
ρτ
i
(Mi), i = 1, 2, et h¯F is a basis of H
1
ϕ(F ).
Let hMi be any basis of H
1
ρi
(Mi), i = 1, 2, and hF any basis of H
1
ϕ(F ). We choose
for basis of H1ρτ1 (M1) the following basis h¯M1 = φ¯x(hM1), and for basis of H
1
ρτ2
(M2) the
(original) basis hM2 of H
1
ρ2
(M2). Formulas (13) & (15) give us:
TK
τ
ρτ (τ
♯(v))
TKρ (v)
=
Tor(H)
Tor(Hτ )
.
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Now we have to compare the torsions Tor(H) and Tor(Hτ ).
Claim 18. For a positive mutation τ , one has:
TK
τ
ρτ (τ
♯(v))
TKρ (v)
=
Tor(H)
Tor(Hτ )
= 1.
Proof of the claim. Let us compute in parallel the two Reidemeister torsions Tor(H) and
Tor(Hτ ):
(1) Let b be a basis of im(i∗1+ i
∗
2), h˜
(2)
ρ be a lift of h
(2)
ρ by ∂ and c = f(v) a generator
of im f (see Sequence (11)). The torsion Tor(H) is equal to:
Tor(H) = [bh˜(2)ρ /hF ] · [cb˜/hM1hM2 ]
−1.
(2) In the same way, let b′ be a basis of im(τ∗i∗1+ i
∗
2), h˜
(2)
ρτ be a lift of h
(2)
ρτ by ∂
τ and
c′ = f τ ◦ τ ♯(v) be a generator of im f τ (see Sequence (14)). The torsion tor(Hτ )
is equal to:
tor(Hτ ) = [b
′h˜
(2)
ρτ /h¯F ] · [c
′b˜′/h¯M1h¯M2 ]
−1.
Further observe that c′ = φ¯x⊕ Id(c), thus [cb˜/hM1hM2 ] = [c
′b˜′/h¯M1h¯M2 ]. As a result
we obtain:
TK
τ
ρτ (τ
♯(v))
TKρ (v)
= [bh˜(2)ρ /b
′h˜
(2)
ρτ ].
It remains to compute the following bases change determinant [bh˜
(2)
ρ /b′h˜
(2)
ρτ ]. It is
easy to observe that
[b′h˜
(2)
ρτ /bh˜
(2)
ρ ] = [b
′/b] · [h˜
(2)
ρτ /h˜
(2)
ρ ]
and the computation of this bases change determinant uses the following commutative
diagram (see Claim 14):
· · · // H1ρ1(M1)⊕H
1
ρ2
(M2) //
φ¯x⊕Id

H1ρF (F )
∂ //
=

H2ρ(MK) // 0
· · · // H1ρτ1 (M1)⊕H
1
ρτ2
(M2) // H1ρF (F )
∂τ // H2ρτ (MKτ ) // 0
The computation is divided into two parts:
(1) Computation of [b′/b]. One can observe that
[b′/b] = det((τ∗i∗1 + i
∗
2) ◦ (i
∗
1 + i
∗
2)
−1)
where
i∗1 + i
∗
2 : H
1
ρ1
(M1)⊕H
1
ρ2
(M2)/ ker(i
∗
1 + i
∗
2)
∼= // im(i∗1 + i
∗
2)
and
τ∗i∗1 + i
∗
2 : H
1
ρ1
(M1)⊕H1ρ2(M2)/ ker(τ
∗i∗1 + i
∗
2)
∼= // im(τ∗i∗1 + i
∗
2) ,
are respectively induced by i∗1+ i
∗
2 and τ
∗i∗1+ i
∗
2. The action of τ on the character
variety of π1(F ) is up to conjugation trivial (see Lemma 9). As a consequence
τ∗ : H1ρF (F )→ H
1
ρF
(F ) is the identity, which gives us [b′/b] = 1.
(2) Computation of [h˜
(2)
ρτ /h˜
(2)
ρ ]. In this part, we prove that [h˜
(2)
ρτ /h˜
(2)
ρ ] = 1 for a posi-
tive mutation. Actually, we prove that ∂τ (h˜
(2)
ρ ) is exactly the reference generator
h
(2)
ρτ of H
2
ρτ (MKτ ).
Let us recall the precise definition of the reference generators h
(2)
ρ and h
(2)
ρτ .
In the case of a positive mutation, the meridian µ of K and the meridian µτ of
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Kτ are represented by the same circle in the boundary of the mutation sphere
F (this circle of course bounds a disk in N(K) or in N(Kτ )).
Let ι : ∂MK →֒ MK and ιτ : ∂MKτ →֒ MKτ be the usual inclusions.
Consider c ∈ H2(∂MK ;R) = Hom(H2(∂MK ;Z),R) and c
τ ∈ H2(∂MKτ ;R) =
Hom(H2(∂MKτ ;Z),R) the fundamental classes inH2(∂MK ;Z) andH2(∂MKτ ;Z)
respectively. By the definition, one has:
Pρ ⌣ ι
∗(h(2)ρ ) = c and Pρτ ⌣ ι
∗
τ (h
(2)
ρτ ) = c
τ .
Further observe that the orientation of S3 induces the same orientation on MK
and MKτ because we use the invariant part M2 to define it.
The boundary of the mutation sphere F is the disjoint union of four circles
denoted S11 , . . . , S
1
4 (cf. Fig. 1). The Mayer-Vietoris sequence combines with the
restriction homomorphism onto the boundary to give us the following commuta-
tive diagrams:
H2ρ(MK)
ι∗ // H2ρ(∂MK)
Pρ⌣· // H2(∂MK ;R)
H1ρF (F )
∂
OO
(ι∗1,...,ι
∗
4)//
4⊕
i=1
H1ρF (S
1
i )
OO
//
4⊕
i=1
H1(S1i ;R)
δ
OO
and
H1ρF (F )
(ι∗1,...,ι
∗
4)//
∂τ

4⊕
i=1
H1ρF (S
1
i )

//
4⊕
i=1
H1(S1i ;R)
δτ

H2ρτ (MKτ )
ι∗τ // H2ρτ (∂MKτ )
Pρτ⌣· // H2(∂MKτ ;R)
Observe that δ(t) = c if and only if δτ (t) = cτ . Thus ∂(h˜
(2)
ρ ) = h
(2)
ρ and
∂τ (h˜
(2)
ρ ) = h
(2)
ρτ , as a conclusion [h˜
(2)
ρτ /h˜
(2)
ρ ] = 1.


5.2. Computation of the sign part of the torsion. We are interested in the sign of
the torsions of MK and MKτ . To this purpose we compute the torsions of C∗(MK ;R)
and C∗(MKτ ;R) by using the Mayer–Vietoris sequences with real coefficients associated
to the splittings MK =M1 ∪id M2 and MKτ =M1 ∪τ M2.
Remark 14. From our assumption that τ is positive and Lemma 7 and the following
Remark 7, we can choose the same bases for both Mayer–Vietoris sequences with real
coefficients of MK = M1 ∪id M2 and MKτ = M1 ∪τ M2.
A consequence of the preceding Propositions 5 & 6 is that the Mayer–Vietoris sequence
VR splits into two short exact sequences:
V1 = 0→ H1(F ;R)
(i1(1),i
2
(1))
−−−−−−→ H1(M1;R)⊕H1(M2;R)
j1(1)−j
2
(1)
−−−−−−→ H1(MK ;R)→ 0
and
V0 = 0→ H0(F ;R)
(i1(0),i
2
(0))
−−−−−−→ H0(M1;R)⊕H0(M2;R)
j1(0)−j
2
(0)
−−−−−−→ H0(MK ;R)→ 0.
The Reidemeister torsion of VR (here with real coefficients) is thus:
Tor(VR,h
∗
VR , ∅) = Tor(V0,h
∗
V0 , ∅) · Tor(V1,h
∗
V1 , ∅)
−1
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where h∗VR , h
∗
V0
and h∗V1 denote bases of homology groups in the exact sequences.
Corresponding to the splitting MKτ = M1 ∪τ M2, the Mayer–Vietoris with real coef-
ficients Vτ
R
splits into short exact sequences:
Vτ1 = 0→ H1(F )
(i1(1)◦τ(1),i
2
(1))
−−−−−−−−−→ H1(M1)⊕H1(M2)
j1(1)−j
2
(1)
−−−−−−→ H1(MKτ )→ 0
and
Vτ0 = 0→ H0(F )
(i1(0)◦τ(0),i
2
(0))
−−−−−−−−−→ H0(M1)⊕H0(M2)
j1(0)−j
2
(0)
−−−−−−→ H0(MKτ )→ 0.
Moreover, we can see the generator µτ of H1(MKτ ;R) is the image j
2
(1)(η2) since η2 ∈
H1(M2;R) is a loop which bounds a disk in N(K2) (see Lemma 7). The Reidemeister
torsion of Vτ
R
(here with real coefficients) is thus:
Tor(VτR ,h
∗
VR , ∅) = Tor(V0,h
∗
V0 , ∅) · Tor(V1,h
∗
V1 , ∅)
−1
Here we omit the bases of homology groups in the Mayer–Vietoris sequence V in the
torsions for simplicity.
We obtain:
Tor(C∗(MKτ ;R), c
∗
R
,h∗
R
)
Tor(C∗(MK ;R), c∗R,h
∗
R
)
=
Tor(Vτ
R
,h∗VR , ∅)
Tor(VR,h∗VR , ∅)
= det τ(1) · det([[µ]]/[[µ
τ ]]) · (det τ(0))
−1.
where C∗(MK ;R) and C∗(MKτ ;R) are endowed with the homology orientation {[[pt]], [[µ]]}
and {[[pt]], [[µτ ]]}.
Next we compute each terms in the right hand side of the preceding equality.
Claim 19. The sign of det τ(0) is positive.
Proof. As τ(0) is just the identity map, it maps the class of the point to itself. 
Claim 20. One has det([[µ]]/[[µτ ]]) = +1.
Proof. This equality comes from our convention. Both meridians µ and µτ are given by
the same loop in M2 and does not have any influence from a mutation. 
Claim 21. The sign of det τ(1) is positive.
Proof. The homology group H1(F ;Z) is isomorphic to the following quotient
H1(F ) ≃ Ra⊕ Rb⊕ Rc⊕ Rd/(a+ b+ c+ d = 0).
The isomorphism of H1(F ) induced by a positive mutation τ is one of the following:
τ(1) : a 7→ b, b 7→ a, c 7→ d, d 7→ c,
τ(1) : a 7→ c, b 7→ d, c 7→ a, d 7→ b,
τ(1) : a 7→ d, b 7→ c, c 7→ b, d 7→ a.
In each case it is easy to see that det τ(1) is +1. 
Using the three previous claims, we conclude that:
Claim 22. We have:
sgn(Tor(Vτ ,h∗VR , ∅)) = sgn(Tor(V ,h
∗
VR , ∅)).
18
6. Conclusion and open questions
Among the Reidemeister torsion form, another important invariant in Reidemeister
torsions theory is the so–called twisted Alexander invariant, which can be understand as
a non abelian version of the well–known Alexander polynomial. J. Milnor [9] proved that
the (usual) Alexander polynomial ∆K(t) can be interpreted as an abelian Reidemeister
torsion: let K ⊂ S3 be a knot and consider the abelianization α : GK → Z defined
by α(µ) = t which extends into α : Z[GK ] → Q(t). Milnor proves that the twisted
complex C∗(MK ;Q(t)) = Q(t)⊗ C∗(M˜K ;Z) is acyclic and its torsion is expressed using
the Alexander polynomial (up to ±t±m, m ∈ N):
tors(MK ;α) =
∆K(t)
t− 1
.
The twisted Alexander invariant of K, twisted by a generic representation ρ : GK →
SL2(C), is:
∆Ad◦ρK (t) = tors(C∗(MK ;Ad ◦ ρ⊗ α)).
In [18], Y. Yamaguchi proved a formula which make a link between the twisted Alexan-
der invariant ∆Ad◦ρK (t) – an acyclic torsion – with a special value of the torsion form τ
K
ρ ,
if ρ : GK → SL2(C).
Numerical computations made by N. Dunfield, S. Friedl and N. Jackson [3] show
that the twisted Alexander invariant is not invariant by mutation, but the torsion form
is. An interesting question will be to understand and to characterize the “default”
between ∆Ad◦ρK (t) and ∆
Ad◦ρτ
Kτ (t) and especially at the discrete and faithful representation
corresponding to the complete structure for hyperbolic knots.
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